Abstract. in this paper the problem of non-parametric estimation of the probability density function for hydrological data is considered. For a given random sample X 1 , X 2 , ..., X n we define an estimator fˆn of the density function ƒ based on a function K of a real variable -the so-called kernel of a distribution -and a properly chosen number sequence {h n } from the interval (0, ∞). this estimator of density function of a random variable X under more general assumptions is known in the statistical literature as the Parzen-rosenblatt estimator or the kernel estimator. The method of kernel estimation presented in the paper has been applied to determine the probability distribution of the groundwater level based on long-term measurements made in the melioration research carried out at the foothill object Długopole.
Introduction
in many meteorological and hydrological studies, knowledge of the density function ƒ of the probability distribution of features (random variables) describing the model of the phenomenon allows the determination of the probability of observing the values of these features from a given interval [a, b] according to the formula:
there are numerous examples of the many applications of parametric probability distributions for modeling hydrological phenomena (e.g. river flow models, or as in kuchar et al. 2014) or meteorological phenomena (e.g. models of atmospheric precipitation, cf kuchar 2004), among which there are: lognormal distribution, two-parameter gamma and beta distributions and generalized gamma distributions (with three parameters). due to the specific nature of meteorological and hydrological data, the empirical probability distribution determined on the basis of a set of recorded values of given feature X, often shows a large divergence in comparison with known probability distributions. this fact is confirmed by statistical analysis using different statistical tests of hypotheses concerning the verification of the consistency between the empirical distribution of the sample and the hypothetical theoretical distribution. among the many known methods for estimation of the probability density function ƒ, an often used method is so-called non-parametric kernel estimation.
an important element of this method is the use of a function K (•) of a real variable, called the kernel of a distribution, which satisfies the following condition:
next, for a given random sample X 1 , X 2 , …, X n we define an estimator fˆn of the density function ƒ for each x ϵ R, as follows:
where {h n } is a properly chosen number sequence from the interval (0, ∞).
The estimator of density function of a random variable X given by (2) under more general assumptions is called in the statistical literature the Parzen-rosenblatt estimator or the kernel estimator.
using the results given by Parzen (1962 Parzen ( ), rosenblatt (1956 and by van ryzin (1969), we can choose a sequence {h n } and a function K, so that the sequence of estimates { fˆn}is convergent with the probability 1 to the unknown estimated density function ƒ as n tends to infinity.
This method of kernel estimation has been applied to determine the probability distribution of the groundwater level based on long-term measurements made in the melioration research carried out at the foothill object Długopole (Gąsiorek et al. 1990) .
Material and methods
the experiment considered in this article was carried out on the object melioration located in Długopole zdrój (surface area of about 1.5 hectares) in the district of kłodzko in the sudety Mountains, Poland. the district of kłodzko is characterized by a moderate and mild climate that is favorable for farming and animal breeding, as well as tourism in its various forms. its characteristic weather is mild winters and slightly cooler summers than in the central part of the Poland. Monthly mean temperatures [in o c] in the study period (april-September, years 1978 (april-September, years -1981 .2 and 12.0, while the monthly precipitation totals [in mm] were, respectively: 58.3, 40.3, 88.5, 149.0, 83.8, and 86.6 . The melioration study on the foothill object Długopole performed long-term groundwater level measurements using properly installed piezometers (hydrogeological observation holes). daily registered groundwater levels were averaged, based on measurements from a dozen or so piezometers suitably located at the research station (the experimental data are derived from the institute of agricultural and Forest improvement, cf Gąsiorek et al. 1990) . the main objective of this experiment was to determine the probability distribution of the groundwater level within the fixed period of vegetation (from april to September), and then estimation on the basis of the distribution of the average number of days for a given level of ground water. The data set includes the groundwater level measurements listed in rows for specified ranges of levels from 10 to 150 cm every 10 cm (variables p1 to p14) (table 1) . two experimental years, 1978 and 1979, were very similar in terms of weather conditions and their impact on the size of the runoff and ground water level was also similar. Based on these data, the frequency histogram of the groundwater level was drawn up (Fig. 1) . The empirical distribution is the basis for further, more advanced numerical analysis.
let us consider an i.i.d. (independent identically distributed) sample X 1 , X 2 , ..., X n drawn from a univariate density ƒ, and estimate fˆn given by (2), where K is the kernel (a real function integrating to one, see (1)), and h > 0 is the smoothing factor (akaike 1954; rosenblatt 1956; Parzen 1962) . The fundamental problem in kernel density estimation is that of the joint choice of h and K in the absence of a priori information regarding ƒ. watson and leadbetter (1963) show that the choice of h and K should not be split into two independent subproblems. also, the choice of K largely depends upon the smoothness of ƒ (devroye 1992).
additionally, we require that the function K is subject to certain conditions of regularity (inter alia, differentiability and integrability). as a result of the condition (1) we have:
and fˆn satisfies the same conditions of regularities that we superimpose on K. as a kernel K is often assumed density function of the normal distribution N (0, 1) or the density with variance σ 2 , i.e. the distribution N (0, σ 2 ). The main problem in issues of kernel estimation of a density function is the optimal choice of the bandwidth h and the kernel K, at which integrated over the mean square error of the kernel estimator would be the lowest for any estimated density, and this means that we are looking for a minimum of risk function as follows:
while h is the width of the window smoothing and K a real function (see e.g. (2)).
although we know that there are no such values of h and K for which the minimum given by (3) is realized, this analysis of the integrated mean square error for large samples provides useful guidelines in practice. let us assume that we estimate the density ƒ twice differentiable, for which ∫(ƒ ''(x)) 2 dx < ∞. Then the asymptotically optimal choice (with n → ∞) of kernel K in a class of symmetric functions and integral in a square is given by the following formula:
it is proved that in the class of the estimated functions, the optimal choice of bandwidth h, asymptotically obtained, expresses the formula (5). From equation (5) it follows that the optimal bandwidth h depends on the kernel K and, unfortunately, on the unknown density ƒ. however, if we consider a sufficiently "rich" family density, e.g. the density of the normal distribution with variance σ 2 , and for the kernel K we take the density of the standard normal distribution, then we get:
and after consideration of this in (5) . if you use a function K e given by (4) as the kernel then we obtain ∫t 2 K(t)dt = 1 and ∫K 2 (t)dt ≈ 0.27, and after taking into account these results in (5) for c we obtain that h ≈ 1.05σn −1/5 (see Gajek, kałuszka 1994) . it is thus seen that the use of the gaussian kernel leads to practically the same optimum bandwidth. The study of the asymptotic mean square error indicates that the use of a gaussian kernel instead of the optimal K e leads to an increase in the error of just a few percent. therefore, in our further statistical analysis, we used the gaussian kernel with variance σ 2 . now,
and the kernel K be a density function of the normal distribution N(0, σ 2 ), i.e.:
(6)
then the estimator given by (2) has the following form:
where σ > 0 can play the role of the smoothing parameter in finding the optimum width of the smoothing window h, as a function of the number of observations n and parameter σ (e.g. in Gajek, kałuszka (1994) we have h ≈ 1.06σn
). The fundamental argument for using kernel estimators in practice is its unusually important property of strong consistency expressed by the condition of the uniform convergence of estimators fˆn to an unknown density function ƒ, i. 
Results
Based on the empirical data of the groundwater level shown in Table 1 , and presented in Figure 1 as the frequency histogram, analytically and numerically density function estimates were determined according to the method described in chapter 2. For different values of the smoothing parameter σ (in the computations, parameter σ ran the interval [0.4; 10] with a step 0.2) the more or less smooth estimated density function fˆn can be obtained (for selected values of the parameter σ we show: for σ = 5 see Fig. 2 , for σ = 7 see Fig. 3 and for σ = 10 see Fig. 4 ).
an additional criterion for assessing the effectiveness (goodness of fit) of estimators can be to maximize the probability Pr as follows:
O i and E i are the observed and the expected values for the i-th class of analyzed variable (i = 1,…, k), respectively and χ 2 k is a random variable that has a central chi-squared distribution with k degrees of freedom. it is worth noting the expected values E i = n · p i , where n is the total number of observations (in our case n = 366 days) and p i expresses the probability for the i-th variation interval for i = 1,…, k. (in our case k = 14). For the chosen values of smoothing parameter σ we received appropriate p-values for the test statistic χ 2 given by formula (9), and so, for σ = 5, 7 and 10 we have Pr{ χ 
Discussion
the results obtained confirm the high usefulness of the method of kernel estimation to determine the probability distribution of the groundwater level and to estimate the most probable number of days for a given level of ground- 
water in the studied vegetation period at a melioration object (in our case at the foothill object Długopole ). , while the observed number of days for this interval was 80. as an alternative for choosing the smoothing factor h in the akaike-Parzen-rosenblatt density estimate, devroye (1989) introduced the double kernel estimate and its usefulness was demonstrated in extensive simulation studies in Berlinet and devroye (1994) . among the publications on the problems of estimating the unknown density function, one should consider monograph by Silverman (1986) , in which the author gives several proposals for choosing the window width. another important but much more difficult approach to the problem of stochastic modeling of hydrological or meteorological data is to use methods of multivariate density function estimation (see Scott 1992) . in our problem, we can consider simultaneously with the level of groundwater both the quantity of precipitation and mean daily temperatures. 
